ABSTRACT. This paper examines a class of Kirchhoff nonlocal operators involving concave-convex nonlinearities and sign-changing weight functions. With the aid of the Nehari manifold, the existence of multiple nontrivial nonnegative solutions is obtained.
Introduction.
In this paper, we study the multiplicity of nontrivial nonnegative solutions to the Dirichlet boundary value problem by the nonlocal operator: 
Recently, much attention has been given to the study of Kirchhofftype problems and nonlocal elliptic operators. Kirchhoff-type equations arise in the description of nonlinear vibrations of an elastic string, see [16] . Solvability of the Kirchhoff-type problem with the Dirichlet boundary using variational methods is studied in [1, 3 Problem (1.1) has variational structure, and solutions may be constructed as critical points of an associated energy functional on some appropriate space. In the norm ∥u∥ H s (R N ) , the interaction between Ω and R N \ Ω provides a positive contribution, which should be considered when encoding the boundary condition u = 0 in R N \ Ω in the weak formulation. Now, we introduce the linear space
The space X is endowed with the norm, defined as
Moreover, we shall work in the closed linear subspace
with the norm 
In addition, the embedding
is continuous, and there exists a positive constant
Now, the definition of weak solutions for problem (1.1) is given. Definition 1.1. We say that u ∈ X 0 is a weak solution of problem
The main results of this paper are as follows. This paper is organized as follows. In Section 2, we give some notation and preliminaries regarding the Nehari manifold. In Section 3, we give the proof of Theorem 1.2.
Theorem 1.2. Let
K : R N \ {0} −→ (0, +∞) be a function satisfying (1.2). Suppose that M (t) = a+bt m , f (x), g(x) ∈ C(Ω) satisfy f + = max{f, 0} ̸ = 0 and g + = max{g, 0} ̸ = 0. If 0 < s < 1 < q < p < ∞, N > ps, a > 0, b > 0, 0 ≤ m < ps/(N − ps), (m + 1)p < r < p * s , then
Notation and preliminaries. The energy functional
where
It is well known that J λ is of class C 1 in X 0 , and the solutions of problem (1.1) are critical points of the energy functional J λ in X 0 . In fact,
Since r > (m+1)p, it is easy to see that J λ is unbounded from below on X 0 . In order to obtain the existence results, we introduce the Nehari manifold
, where ⟨ , ⟩ denotes the duality between X 0 and its dual space. Thus, u ∈ N λ if and only if
It is clear that all nonzero solutions of problem (1.1) must lie on N λ , and N λ is a much smaller set than X 0 . Thus, it is easier to study J λ on N λ . The Nehari manifold N λ is closely linked to the behavior of functions of the form 
Clearly,
and thus, for u ∈ X 0 and t > 0, ψ ′ u (t) = 0 if and only if tu ∈ N λ . In particular, ψ ′ u (1) = 0 if and only if u ∈ N λ . Therefore, it is natural to split N λ into three parts corresponding to local minima, local maxima and points of inflection. For this, we set
(2.5)
Similar to the argument of [6, Theorem 2.3], we conclude the following result. Proof. Since u 0 is a local minimizer on N λ to J λ , by the theory of Lagrange multipliers and (2.4), there exists a σ ∈ R such that
Lemma 2.2. J λ is coercive and bounded from below on
Proof. For u ∈ N λ , by (1.6) and (2.1),
Since 0 < q < 1 < p, (m + 1)p < r < p * s , we obtain that J λ is coercive and bounded from below on N λ . 
From (1.6),
, and (r − (m + 1)p)b∥u∥
. This is impossible if λ is sufficiently small. Thus, we obtain that a
By Lemma 2.3, for λ ∈ (0, λ 1 ), we write
Then, we have following results.
Lemma 2.4. Suppose that
there exists a t b,max > 0 such that,
then there are unique t + and t − with 0 < t
for a, t ≥ 0. Clearly, tu ∈ N λ if and only if
Since r > (m + 1)p and
Moreover, there is a unique t b,max > 0 such that h b (t) achieves its maximum at t b,max , increasing for t ∈ [0, t b,max ) and decreasing for t ∈ (t b,max , +∞). In addition,
,
There is a unique t − > t b,max such that
It follows from (2.7) and (2.8) that
From (1.6) and (2.6), we have
for λ ∈ (0, λ 2 ). Therefore, there are unique t + and t − such that 0 < t
Similar to the argument in part (i), we conclude that t
and
Thus,
then there is a unique 0 < t
.
According to (1.6) and (2.1), we have
) . 
We have the following results. 
Thus, by Lemma (2.2), the sequence {u n } is bounded in X 0 . Then, there exists a u + 0 , up to a sequence, such that
Moreover, by [23, Lemma 8] ,
Therefore, by the dominated convergence theorem, we have that
as n → ∞. Now, on N λ , we have
Letting n → ∞, from Lemma 2.6, (3.1) and (3.2), we obtain ∫
By Lemma 2.5, there exists a t 1 > 0 such that
Next, we show that
Suppose that this is not true. Then,
, we see that ψ ′ un (t) < 0 for t ∈ (0, 1) and ψ ′ un (1) = 0 for all n. Therefore, we must have t 1 > 0. On the other hand, ψ un (t) is decreasing on (0, t 1 ); thus,
a contradiction. Hence, 
Proof. J λ is bounded from below such that 
